
CALCULATION OF THE RADIATION OF AN 

ISOTHERMAL GAS - DUST MEDIUM 

Yu.  A.  P o p o v  UDC 536.3 

A method is proposed for calculating radiative heat t ransfer  in homogeneous i so thermal  gas 
- dust media. 

1. For simplicity we will consider the one-dimensional problem and neglect scattering. 

The total emittance of a homogeneous isothermal gas-dust medium is written in the form 

e(L, T ) =  1 - - -  1 ~ B~(T)e--(K'~(T)+K'~r))Ldv. (I) 
~T ~ J 

0 

We will consider the t ransmi t tance  of the gas having tempera tu re  T for thermal  radiat ion with t empera -  

ture  T i to be known 

Dg(L, T, T,) ~ - ~ i  . B*(T*)e-~%(r~Cdv" (2) 

0 

The value of D is related with absorptance  A by the relat ionship 

D (L, T, r~) + A(L, T, T~) = 1, (3) 

The absorptance  of CO2 and H20 can be found f rom empir ical  formulas  and graphs,  which a r e  given 

in [11. 
T 

We will r ep resen t  the function Bv(T)e -KvL in the form of a superposit ion of P lanck ' s  function with 

different t empera tu res  
�9 N 

B~ (T) e -t% L ~ ~ a~B~ (T~). (4) 
i = l  

In the general  case the coefficients a i and T i depend on L and T. The coefficient T i can always be 
selected so that Eq. (4) is fulfilled exactly for  certain frequencies Vn (h,  v2, - �9 �9 , VN)if v n ~ oo. This 
s tatement  follows f rom the fact that for fixed v n and T i the sys tem of l inear equations in at, which is ob- 
tained f rom (4), can be solved only if the determinant  of this sys tem is nonzero. But T i can be selected 
such that the determinant  of the sys t em obtained is not equal to zero. Since the absorption coefficient of 
dust is a continuous and sufficiently smooth function of frequency, and functions Bv(Ti) a re  also continuous 
and sufficiently smooth functions of frequency,  we can state that, upon an increase  of the number of t e rms  
in the expansion of (4) the accuracy  of the expansion will inc rease  if the expansion is done by the method 

described above. 

Using (4), we obtained f rom (1) for the emittance the expression 

N 
1 

e (L, T) = 1 - -  T--- ~ ~ aiT 4 D,  (L, T, T,). (5) 
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As an e x a m p l e  le t  us cons ide r  the  c a s e  w h e r e  the  a b s o r p t i o n  coef f ic ien t  of dust  i s  p r o p o r t i o n a l  to 
the r a d i a t i o n  f r e q u e n c y  

K; = ,m Cs) 

If Eq. (4) i s  va l id  exac t ly  in the  R a y l e i g h - J e a n s  r eg ion ,  then  with c o n s i d e r a t i o n  of (6) we find 

N 

Z a~Tz = T. (7) 
i = 1  

We wil l  t ake  only two t e r m s  in the  expans ion  of (4). F o r  (4) to be  fulf i l led in the Wien reg ion ,  i t  is  
n e c e s s a r y  tha t  

T (8) 
a 1 = I, T1 -- 

l + z  

where 
kT z = - -  aL, T2 < T1" (9) 
h 

We a s s u m e  tha t  

Then it follows from (7) that 

r (m) 
T 2 ~ - - .  

z~ 
a 2 - -  1 + z  (ll) 

A f t e r  th is  we  obtain  f r o m  (5) 

s(L, T ) =  I i Dg(L, T, T1)- Z ~ D g ( L ,  T, T2). (12) 
(1 + z) ~ ( 1 + z) ~a 

We d e t e r m i n e  the coef f i c ien t  ~ f r o m  the condi t ion that ,  f o r  the e m i t t a n c e  of a l a y e r  of p a r t i c l e s  
with a b s o r p t i o n  coe f f i c i en t  (6), we obtain  an  exac t  r e s u l t  

I___L_1 ~ 1 (13) 
g p ~  

r (4) (i + z) 4 

where 

(4) = ~ i-'. 
i = l  

Table i gives the total transmittance of a layer of particles Dp with absorption coefficient (6) as a 
function of the parameter z. 

For coefficient fi we obtain the expression 

[ z ] , /a .  (14) 
= (I + z) (I + z ) ' D p ( z ) - - I  

If we  a s s u m e  tha t  the t r a n s m i t t a n c e  of the gas  does  not depend on the t e m p e r a t u r e  of the r a d i a t o r  Ti, 
f r o m  (5) fo l lows the  known f o r m u l a  

e = 1- -DvDg(L ,  T, T). (is) 
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T A B L E  1. T r a n s m i t t a n c e  of a L a y e r  of P a r t i c l e s  wi th  A b s o r p t i o n  

Coe f f i c i en t  (6) a s  a F u n c t i o n  of the  D i m e n s i o n l e s s  P a r a m e t e r  z (9) 

z Dp z Dp z Dp z Dp 

0 
0,05 
0,10 
0,15 
0,20 
0,25 
O, 30 
O, 35 

1 
0,8297 
0,6949 
0,5870 
0,4997 
0,4284 
0,3697 
0,3210 

0,40 
0,45 
0,50 
0,55 
0,60 
0,65 
0,70 
0,75 

0,2803 
0,2460 
0,2170 
0,1922 
0,1710 
0,1528 
0,1370 
0,1233 

0,8 
0;9 
1,0 
1,1 
1,2 
1,3 
1,4 
1,5 

0,1112 
0,0915 
0,0761 
0,0639 
0,0541 
0,0462 
0,0398 
0,0345 

1,6 
1,7 

1 , 8  
1,9 
2,0 
2,5 
3,0 
4,0 

0,0301 
0,0264 
0,0232 
0,0206 
0,0183 
0,0108 
0,0069 
0,0033 

T A B L E  2. E m i t t a n e e  of D u s t - L a d e n  W a t e r  V a p o r  wi th  an A b s o r p -  
t ion Coe f f i c i en t  of the  P a r t i c l e s  K'  = a v  a s  a F u n c t i o n  of the  D i -  
m e n s i o n l e s s  P a r a m e t e r  z (9) (L = 0.9 m,  P = I a tm ,  T = 1800~ 

'1 Z ~. l--Dp Dg (L, T, T)II z e l--Dp Dg (L, T, T) 

0 
0,1 
0,5 

0,22 
0,48 
0,85 

0,22 1,0 
0,46 2,0 
0,83 3,0 

0,955 
0,990 
0,9968 

0,941 
0,986 
0,9947 

T a b l e  2 g i v e s  t he  r e s u l t s  of c a l c u l a t i n g  the  e m i t t a n c e  of a l a y e r  of w a t e r  v a p o r  0.9 m t h i c k a t  a p r e s -  
s u r e  of 1 a t m  and t e m p e r a t u r e  of 1800~ con t a in ing  dus t  p a r t i c l e s  with a b s o r p t i o n  c o e f f i c i e n t  (6). The  
c a l c u l a t i o n  was  m a d e  by Eqs.  (12) and  (15). The r e s u l t s  fo r  e m i t t a n c e  a g r e e  w e l l  wi th  one a n o t h e r .  But 
we s e e  f r o m  T a b l e  2 tha t  the  a c c u r a c y  of c a l c u l a t i n g  the  t r a n s m i t t a n c e  of the  g a s - d u s t  m e d i u m  by the  a p -  
p r o x i m a t e  f o r m u l a  

D~g~DpD~(L,  T, T) (16) 

d e c r e a s e s  r a p i d l y  wi th  i n c r e a s e  of the  c o n c e n t r a t i o n  of p a r t i c l e s ,  which  i s  p r o p o r t i o n a l  to the  p a r a m e t e r  z. 

L e t  the  a b s o r p t i o n  c o e f f i c i e n t  of the  p a r t i c l e s  have  a f o r m  such L e t  us  c o n s i d e r  a n o t h e r  e x a m p l e .  
t ha t  f o r  f ixed  L and T the  equa t ion  

v 3 e - K v  L u 

hv - - ~  hv 

e -~---  1 e ~r~ 1 

(17) 

ho lds  t r u e .  L e t  K v 0 when v ~ 0, then  

T (18) 
a 1 ~ 

T 1 

Introducing the notation 

m --  
T (19) 
TI ' 

we can write 

hv 
e ~ - _ l  (20) 

hv 
e mWf --  1 

The total transmittance of the layer of particles whose absorption coefficient satisfies Eq. (20) has 

the form 

i (21) 
D p -- m a , 

and the transmittance of the gas-dust medium for thermal radiation having the temperature of the medium 
is written with consideration of (20), (21), and (5) in the form 

1 Dz(L ,  T ' T ) (22) 
D g p .~- m a - ~  . 
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TABLE 3. Transmi t tance  of 
Dust-Laden Water  Vapor 
with an Absorption Coeffi-  
cient of the Par t ic les  Sat is-  
fying Eq. (20) as a Function 
of the Dimensionless 
Pa rame te r  m (L = 3 m, P 
= l a t i n ,  T = T  o =1200~ 

1,0 
1,2 
1,5 
2,0 

Dgp Dp Dg (L, T, T) 

0,56 0,56 
0,29 0,33 
0,125 0,167 
0,048 0,070 

TABLE 4. Reflectance of 

Semiinfinite Gas-Dust Me- 

dium (T = T o = 1000~ P 

1 atm, K s =K') 

Ks, cnq "I Rm (CoD Roa (H.~O) 

co 
1,0 
0,1 
0,05 
0,01 

0,170 
O, 163 
O, 154 
O, 150 
0,141 

0,170 
0,167 
0, t54 
0,137 
0,119 

Table 3 presents the results for the transmittance of a gas-dust medium calculated by formulas (22) 

and (16). The results are given for water vapor at T = 1200~ P = Iatm, and L = 3 m laden with particles 

whose absorption coefficient satisfies Eq. (20). We can also conclude from Table 3 that calculation of the 

transmittance of thegas-dust medium by Eq. (16) for the case where Dpg is much less than I for large pL 

of the absorping gas can lead to appreciable errors. 

Obviously the method presented can be used for calculating the transmittance of homogeneous iso- 

thermal gas-dust media also in the case where the temperature of the incident radiation differs from the 
temperature of the medium 

i By (TO) e- K ~(7) +K~,(r))L dr. (23) 1 
Dgp(L, T, To)= uT--~o 

o K' 
For  this purpose it is n e c e s s a r y  to present  B~,(T0)e- ~L in the form of a superposit ion of Planck 's  

functions with. different t empera tures .  

2. If sca t ter ing of radiation by the part icles  of the medium cannot be neglected, the problem of r ad ia -  
tive heat t r ans fe r  in a h o m o g e n e o u s g a s - d u s t  medium is conveniently solved by means of the distribution 
density function of photons over the paths t r aversed  by them in the medium. The distribution density function 
of photons over the paths was f i r s t  studied in the works of Van de Hulst and Irvine [2, 3]. 

For  s implici ty we will consider  the one-dimensional  problem of radiat ive t ransfer  through a layer  
[4]. Knowing the solution of the one-dimensional  problem, it is easy to obtain the solution for a plane layer  
in a Sehwarzsch i ld -Sehus t e r  approximation. We will consider that the layer  is bounded by black walls, 
and radiat ion of unit intensity fails on the surface  r = 0. The probability that a photon with frequency ~ will 
be ref lected f rom the medium, t r ave r s ing  in the medium a path of optical thickness f rom r to ru + dry, 
will be wri t ten in the fo rm 

where f, is the distribution density function over the paths for reflected photons; ~ v is the rat io of the 
scat ter ing coefficient to the attenutation coefficient; roy is the spectra l  optical thickness of the layer.  
wise for photons passing through the layer  we write 

Like-  

dW2, -- f2 (~, %,, ~,) dye. 

For  the intensity of the reflected and t ransmit ted radiation we will have respect ive ly  

Ix, = ,f }a (~, ~0~, -%) d%; I~ = [2 (s T0v, %)d%. (24) 
0 0 

We will now establish the relat ion between the distr ibution densit 7 function over the paths in the case 
of pure scat ter ing ~ v = 1 and the distribution density function over the paths for k u > 1. For  both cases 
we will consider  the same photon t r a j ec to ry  in rea l  space. For  ~ u * 1 the probabili ty that the photon will 
t r a v e r s e  path r v to emergence  f rom the medium will be less than the analogous quantity for pure scat ter ing 
by exp [ -  (1 - ?, u) rv] t imes. Taking into account that the optical path in a nonabsorbing medium is ~ v t imes 
less than the optical path in the same medium with absorption, we obtain 

fO~, "%,, "%)= s s ~%). (25) 
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As follows f r o m  the der ivat ion,  Eq. (25) is general  and is valid a lso  for  a t h ree -d imens iona l  m e -  
dium. Using (25) and (24), for  the in tensi ty  and the boundar ies  of the med ium we obtain the known ex-  
p re s s ion  [2, 3, 5] 

where  the notations 

i v (s, Xo) = i e-~*f (1' xo, x) dx, (26) 
0 

x = ~ ' % ;  x o=;%'%,; s- -  1--X, (27) 
i% 

are introduced. 

Thus, knowing the in tensi ty  at the boundar ies  of the medium,  we can find the dis tr ibut ion densi ty  
function of photons over  the paths in the case  of pure sca t t e r ing  by r e so r t i ng  to Laplac ian  t r ans format ion .  

Let  the boundary of the med ium ~- = 0 be i l luminated by t h e r m a l  radiat ion with t e m p e r a t u r e  T. Ac-  
cording to (24) and (25), for  the in tens i ty  of the ref lec ted  and t r ansmi t t ed  radia t ion we will have 

[ i  --(K'+K"( r))l , (27') I1, ~ = j' B,,(To) e "~ "~ fl,2(Ks~, L,l)dl[ d'~. 
0 0 

In der iv ing (27') we did not in t roduce the optical  th ickness  and we denote by l the path of the photon 
in the medium up to i ts  e m e r g e n c e  f r o m  the medium. In this case ,  if the absorp t ion  coefficient of dust 
K' and the sca t t e r ing  coefficient  K s do not depend on the radia t ion  f requency  v, we obtain 

I1'~ = S .r (I, T, To) e-I<'~f~,~ (K~, L, 1) dl. (28) 
0 

If the function 

ep(l, T, To)= oT~Dg(l, T, To) (29) 

can be r ep re sen t ed  in the f o r m  of a set  of exponents 
n 

Dg(l, T, To)= Z b~e-Kd' 
i ~ l  

we find f r o m  (28) 

(30) 

IL~ = ar~ 2 b~I~, (31) 
i ~ l  ' -  

where  

According to (24) and (25), 

I0i = i e--CK'+KPl fl.~ (Ks, L, l) dl. (32) 
1,2 

0 

I0 i is the radia t ion intensi ty at  the boundary of the medium for  su l fu r - -gas  
1 , 2  

medium with absorp t ion  coeff icient  K'  + K i and sca t t e r ing  coeff icient  Ks. The resu l t ,  desc r ibed  by Eq. (31), is 
valid a lso  in the case  of a t h r ee -d i m ens i ona l  medium. It is  analogous to Hot te l ' s  r e su l t  [1] for  rad ia t ive  
heat t r a n s f e r  in a gas med ium bounded by walls  whose re f l ec tance  does not depend on the radiat ion f r e -  
quency. 

If we cannot neglect  the f requency dependence of K~ and Kvs , in the calculat ion of (27) we can use  the 
method presented  in Section 1, i .e. ,  r e p r e s e n t  the function 

B~ (To) e-K:, l f (K,~, L, l) 

in the f o r m  ofsuperpos i t ion  of P lanck ' s  functions with different  t e m p e r a t u r e s .  

3. As an example ,  we will consider  the problem of ref lec t ion  of t he rma l  radia t ion  f r o m  an i so the rma l  
homogeneous gas -dus t  med ium in a S c h w a r z s c h i l d - S c h u s t e r  approximat ion.  We will consider  the sca t t e r ing  
indicat r ix  to be spher ica l .  If rad ia t ion  of unit in tensi ty  i s  incident upon the medium,  the intensi ty  of the r e -  
f leeted radia t ion  has the f o r m  (e.g., [6]) 

I =  1 - - V ' I - - ~  (33) 

1 -t- V 1 -[- ~," 
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Using (27) and genera l iz ing  the Laplac ian  t r an s fo rma t ion  (26), we can obtain by the contour i n t eg ra -  
tion method 

1 

2 ~ e_(i_y)~ (34) f(1, ~)= ~ -  ~ y ( 1 - y ) @ .  
0 

Equation (34) was f i r s t  obtained by Sobolev in [4] in connection with the p rob lem of nons t eady- s t a t e  dif-  
fusion in gas. For simplification of Eq. (34) we will use the following representation of Bessel's function 

of the imaginary argument If: 

11 (z) 4 S = - -  ze ~ e-2(~-Y)~l ' y(1 - - y ) d g ,  

0 

(35) 

which is eas i ly  obtained f r o m  the known in tegra l  r epresen ta t ion .  With cons idera t ion  of Eq. (35) instead 
of (34) we obtain 

g--~/2 
f(1, T)= I~(-r/2). 

'17 

(36) 

Using (28) and (29), we wr i te  for  the re f l ec tance  of a semi inf in i te  g a s - d u s t  med iumthe  express ion  

R~ = K s Dg (l, T, To) e -•'l e-~2- 
o - - K s  I 11 dl .  

(37) 

We a s s u m e  that  K s ~ 0, and introduce the new va r i ab l e  Ks/ = ~: 

j K, 
R= = Du T, T O e-  T%~ ~ e-~/2 , I' dn. 

n \ 2 ]  
0 

(38) 

The integral is easily calculated by the method of quadratures. The table of Bessel's function of an 
imaginary argument is given in [7]. 

Table 4 presents a calculation of the reflectance of a semiinfinite layer of dust-laden carbon dioxide 
at 1000~ and pressure P = 1 atm, and also analogous data for dust-laden water vapor for the same param- 

eters. The calculation was performed for the case K' = K s for some values of K s for thermal radiation 
having the temperature of the medium T = 1000~ In making these calculations we used the quadrature 

formula with a weight function e -x with three points [8]. The sufficient accuracy of the quadrature formula 

used is confirmed by the fact that when K s ~ o~ or, what is equivalent, when Dg = i, the result practically 
coincides with the calculation by Eq. (33) for 7~ = 0.5. 

NOTATION 

is the emittance; 

Dg is the transmittance of gas; 

A is the absorptance; 

~p is the emittance of cloud of particles; 

T is the temperature of gas-dust medium; 

u is the radia t ion  f requency;  
B v is the P lanck ' s  constant;  
K~ is the absorp t ion  coeff icient  of par t i c les ;  
K~ is  the absorp t ion  coeff icient  of gas;  
f is the dis t r ibut ion densi ty  function of photons over  paths; 

is the ra t io  of s ca t t e r ing  coeff icient  to at tenuation coefficient;  
~'0v is the optical  th ickness  of layer ;  
~-v is the optical  path t r a v e r s e d  by a photoninthe  med ium to emergence  f r o m  the medium;  
I is the radia t ion  intensi ty;  
L is the l aye r  thickness;  
l is the path length t r a v e r s e d  by a photon in the med ium before  emerg ing  f r o m  the medium;  
T o is the radia t ion  t e m p e r a t u r e ;  
Dgp is the t r ansmi t t ance  of g a s - d u s t  medium;  
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h 
k 
o- 

Dp 

R~o 
I1 
P 

1. 

2. 
3. 
4. 
5. 
6. 
7. 
8. 

is the Planck constant; 
is {he Boltzmann constant; 
is the S te fan-Bol tzmann  constant; 
is the t ransmit tance  of dust medium; 
is the ref lectance of semiinfinite g a s - d u s t  medium; 
is the f i r s t - o r d e r  Bessel  function of an imaginary argument;  
is the gas pressure .  
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